
148 �    2018/1 (39)

 539.375

 -    
      

. . 1, . . 2, . . 2, . . 2

1       
. . .   

2   �  �

  -     
,     �    -
      .  

�         -
,       -
.    ,    

       .
 :  , , -  -

, .

.   ,    , 
   ,  ,     -

   .    , 
,       -

   ,      ,  
.

   ,     -
        , 

   .    ,  -
   ,     
,   [1, 2].   ,  ,   

 .      -
      -   -
 .

 .   -  -
    2h      

   2h
S
 ,  �   . -

       .   
     l ,  -

        .  
         2d

2
  2d

1
  

. ,        -



COMPUTER TECHNOLOGIES OF PRINTING 2018/1 (39) 149

      .   -
    ,       

.      hddd . 
 ,       

 ,          
   . ,    � -

,        -
   ,        

�    . ,    
        ,   

 xxx , hdhdhh     

TB ,  B  T ,      -
.        ,   

 Rl pp ( �    
  )     N   -

 M,     -    
     [3].       

  

m
xx

xxm
PxN

 m
xx

xxm
HxM  

T

Bmxxx  (1)

 x  �   ;
 x  �   ;
 P, H �  ,      , 

,   

TT h

H

h

P

xxx
xh

xM

xh

xN

B
BT

xx

xx
x



150 �    2018/1 (39)

. 1.  �       .

 ,        x  
    x ,     

xxxNN

xxNNN
xN

S

S
l

S
s

 
xxxMM

xxMMM
xM

S

S
l

S
s

 (2)

 N l, M l �     ,      
  �           

         

 ,   l ,

 , sM  �   ,    ; 
 MN  �      .

      
  .       

           
 ,         -

.        
    .

,        -
 .         

   Rl    



COMPUTER TECHNOLOGIES OF PRINTING 2018/1 (39) 151

 kX
B

R
gwLvLuL kkkkk  (3)

 / 212 xEhB ;  kX  �     

  ; 031 kkm gmL ,,  � ,     
[3]     .

   �   ,     
         

.    

  (4)

rx sss  �     .

 

  ,,, RrXXX rrrrx 321   (5)

 rrrrx ,,  �       .

     ,     -
  ,     , 

 RrXsw rrrrxr  (6)

,    (4) � (6)  ,  ,  
hRr ,    .         

    .     -
    (3),     - .

  rrrrx ,,    �   -
   (  )

 ,
x

S

r

S
G rx

srx   ,
r

S

v

v
G r

S

S
Srr

21
2   

 

,r
Sr

S

r

S

r

S
G  

,
r

S

r

S

x

S rx  ,
S

S
S

v

E
G

12
 

 (7)

 ss GE  �      ; 
 sv  �   .

    ,     
    .      

 (  )      [4, 5] 
     ,      



152 �    2018/1 (39)

shhhRh        -
 . ,       

 Rr
r

Sr  (8)

    xS        
    

 
R

S
K

r

S xx
   Rr

r

S
K

r

S
 (9)

 ,    xS ,   ,  
       (    -

    ),    
  , ,  K , K .

   (8), (9),  (7)    (4), (5) :

w
uK

R

G
X S

   

w
vvK

R

G
X S

 w
vu

vR

G
X

S

S  (10)

  .     
 (3),       , 

�      :

 3,1, 0000
3

0
2

0
1 kKgwLvLuL ijijkkkk

. (11)

  , �   (11),    
,   

 ,
3

2j
jjujju PLRu    ,

3

2j
jjvjjv PLRv    ,

3

2j
jjwjjw PLRw  (12)

 wvuiPL jiji ,,,  �    (11).

    

 ,0
222D  .0

222 RkD  (13)

  D   (13)    -
 

 

6
11

4
1

22222 bcD 2
2

2
16

4
15

6
24

4
2

2
13

2
2

4
12 bbbbb + 

10
2
29

2
18

4
27 bbbb ,   ( (14)

 10,1ibi     [3, c. 242-243].



COMPUTER TECHNOLOGIES OF PRINTING 2018/1 (39) 153

          
  (12)�(14),   (2)     :

 

1

1

0111
1

x

x

usK
su

uF{ ,2} 0
10122 sfduusKuF

usKuF

x

x

0211

1

1

{ .2} 0
2

22
0222 sfdu

su

a
usKuF

  
 (15)

;1
1 v

d

d
RF  ;22

d

d
cF ;23 2

22 vva

;
0
20

1 Eh

N
f  ;

0
20

2 RcEh

M
f  

;
22

11 0
11011 zK

z
cth

z
zK  

;0
12012 zKK  ;0

21021 zKzK  

zK
z

cth
z

azK 0
3322022

22

11
, 

 0
ijK  -    [3, . 243-244].

p

xkxk MN

 �   (15)   -
        

vx

  .  ,  ,    -

 constNN , M ,     . -
         mR , 

h m Svv , KK ,     EES .  
. 1  ,      -

 TxRx ,        -
      EES .



154 �    2018/1 (39)

. 1.          -
   EES

 1�3   EES =0,1;0,5;1.  ,  -
      .

         
     ,     

  
.   ,    -

      ,   -
      .  -

         . 
        

        
     .

  

1.  . .,  . . ,      . � 
.: , 1960. � 491 .

2.  . .   . � .: , 1969. � 326 .
3.  . .,  . .,  . .   -  

    . � : -  « », 2003. � 320 .
4.  . .,  . .      -

.  � .: , 1980. � 411 .
5.  . .       

 . � .: . , 1973. � 228 .
6. I.S. Kostenko, Ya.M. Pelekh, T.M. Nykolyshyn, V.I. Karkuliovskyy. Modelling and 

Method of Investigation of the Limiting Equilibrium of an Anisotropic Cylindrical 
Shell with Crack. Perspective Technologies and Methods in MEMS Design, 
MEMSTECH 2017. � Proceedings of 13th International Conference (Polyana, April 
20�23, 2017). Lviv, 2017, pp. 146�150.



COMPUTER TECHNOLOGIES OF PRINTING 2018/1 (39) 155

REFERENCES

1. Vlasov V. Z., Leont�yev N. N. Balki, plity i obolochki na uprugom osnovanii. � M.: 
Fizmatgiz, 1960. � 491 s. (in Russian)

2. Kleyn G. K. Raschet podzemnykh truboprovodov.� M.:Stroyizdat, 1969. � 326 s. (in 
Russian)

3. Kushnír R. M., Nikolishin M. M., Osadchuk V. A. Pruzhniy ta pruzhno-plastichniy 
granichniy stan obolonok z defektami. � L�vív: Vid-vo «SPOLOM», 2003. � 320 s. 
(in Ukrainian)

4. Grigolyuk E. I., Tolkachev V. M. Kontaktnyye zadachi teorii plastin i obolochek. � 
M.: Mashinostroyeniye, 1980. � 411 s. (in Russian)

5. Grigorenko YA. M. Izotropnyye i anizotropnyye sloistyye obolochki vrashcheniya 
peremennoy zhestkosti. � K.: Nauk. dumka, 1973. � 228 s. (in Russian)

6. I.S. Kostenko, Ya.M. Pelekh, T.M. Nykolyshyn, V.I. Karkuliovskyy. Modelling and 
Method of Investigation of the Limiting Equilibrium of an Anisotropic Cylindrical 
Shell with Crack. Perspective Technologies and Methods in MEMS Design, 
MEMSTECH 2017. � Proceedings of 13th International Conference (Polyana, April 
20�23, 2017). Lviv, 2017, pp. 146�150.

RESEARCH OF THE ELASTIC-PLASTIC CONDITION (STATE) OF A 
CYLINDRICAL SHELL WITH ELASTIC FILLING DEPENDED BY THE 

INTERNAL CRACK

Yulia Prokopovych1, Yaroslav Pelekh2, Iryna Kostenko2 , Bogdan Pakholok2

1Pidstryhach Institute for Applied Problems of Mechanics and Mathematics,
National Academy of Sciences of Ukraine

2Lviv Polytechnic National University

Investigation of the elastically-plastic state of a closed cylindrical shell 
weakened by an internal fracture and connected to an elastic Ю ller is reduced to 
the system of singular integral equations. The solution of the received system is 
constructed in conjunction with the elastically-plasticity conditions of thin shells, the 
conditions of stress limitations and the conditions of uniqueness of displacements. 
The inЯ uence of elastic-plastic medium, geometric and elastic-plastic  parameters 
on the crack opening and the sizes of these zones are obtained.
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Research Methodology. The thin-walled elements of structures often 
interact with the environment in which they are located. They are modeled 
by shells, which act as an additional load as a reaction of the medium. Such 
calculation models are used, for example, during the research of pipelines, 
during the connection of shells by elastic bodies, an approximate calculation of 
multilayer pipelines with sections in the middle layers, which are used to change 
the trajectory of the propagating fracture.

Results. Numerical analysis of the studies problem has been carried out. The 
graphs representing the change in the relative opening of the fracture, depending 
on its length for different values of the ratio of the modulus of the elasticity of the 
Ю ller and the shell, have been presented. It has been studied that with increasing 
the elastic modulus of the Ю ller, its disclosure decreases. For the same values of 
the ratio of elastic modulus, the dependence of the length of the plastic zone on the 
length of the fracture has been obtained, which increases with increasing the ratio 
of elastic modulus.

Novelty. The works devoted to the research of thin-walled elements of structures 
that are in an elastic environment relate, as a rule, to shells without sharpener hubs. 
In this paper, the inЯ uence of the reaction of the elastic medium on the opening of the 
fractures in an elastic-plastic closed cylindrical shell has been studied.

Practical SigniЮ cance. The obtained results can be used to Ю nd the approximate 
value of perturbed stressed condition in a closed cylindrical double-layer shell with 
a fracture in the upper layer.


