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1. Introduction

N-ary relations [1] and n-ary predicates [1] identified on a random set are in a
one-to-one correspondence [1]. In this case, it is necessary to have tools for solving
the problem of direct ordering of predicates that operate with logical values and take
into account the clear positions of the predicates.

A position of something is its location or placing. The term is used in
mathematics, computer sciences, informatics and many other areas. For example,
mathematical induction [1, 2] uses the initial value of a variable, and programming
and information technology have an initial instruction [3], which, like any other
programming instruction, has a unique number or name. The “initial” value, as well
as the “numbers” of the instructions, are actually their positions. In algorithms, the
positions of operators have key values.

The operations of classical mathematical logic [ 1, 2], in particular conjunction (&)
and disjunction (Vv), operate with logical values. However, the positions of logical
constants, variables and n-ary predicates are not set and are not taken into account.
This also applies to non-classical mathematical logic, in particular the propositional
modal logic, the propositional dynamic logic, the linear propositional temporal logic,
the multivalued logic, the fuzzy logic, the intuitionistic logic, and so on.

In the general case, the orderings are non-commutative and non-associative.
But the operations of conjunction (&) and disjunction (V) are commutative and
associative [1, 2], which also does not allow their application for the description of
logical orderings.

Particularly important is the consideration of positions in mathematical logic, as
the basis of modern mathematics. To obtain an adequate description and performing
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of identical transformations of algorithms, and not only algorithms, it is necessary to
take into account the positions of operators, which form algorithms and applications

This paper is dedicated to solving the problem of ordering of logical elements by
introducing and taking into account the clear positions of logical constants and variables.

2. a-, f-, afi-, fa-conjunctions and -disjunctions

The set B= {0, 1, *} is called the set of logical values. The element 0 € B is logical
with the value false (logical constant 0), 1 € B is logical with the value true (logical
constant 1), and * € B the value is undefined. x, y, ... are logical variables, x, y, ... € B.

The set 11 = {a, S} is called the set of elementary positions, and a. € Il and f €
11 are elementary positions. ¢, §, v, 0, ... are variables of elementary positions, ¢, y,
v,0, ... €Il

A Cartesian product [2] B x I1 of the sets B and /7 form the set P = {(x, §) | x € B,
¢ € 11}, which is called the set of pairs.

P x P —a Cartesian square of the set P forms the set O = {[(x, @), (v, W)] | (x, ¢) €
P,(y,w) e P;x,y € B; ¢, w € II}, which is called the set of ordered pairs.

P?* — B is the representation [2] of the Cartesian product P X P in B.

Definition 1. The representation &[(x, @), (v, w)]: P x P — B is the one that:

I,for o, y e [1land p=y=a,ifx,ye Bandx =y =

0, for o, y € ITand p= y=a, ifx,y € B,
&[(x, @), v, W] =
=0; andx=y=0,orx=0andy=1,orx=1andy

*_1in all other cases,

and it is called a-conjunction.
The truth values of a-conjunction for logical variables x, y and the variables of the
elementary positions ¢, y are presented in Table 1.

Table 1
The truth values of a-conjunction &[(x, ¢), (y, ¥)]
X
v ¢

o B

0 1 * 0 1 *

a 1 0 1 %k * * k
% * * % * * %

W 0 * L % 3k ¥ %

ﬁ 1 * * * * * k

% * * % * * %
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In brief, a-conjunction &[(x, ¢), (v, ¥)] is recorded as &(x, y).

From the table above we see that for completely defined conditions (for ¢ = w =
o and the truth values 0 and 1 of the logical variables x and y) a-conjunction &(x, y)
has the same logical truth values as a classical conjunction [1].

However, a-conjunction &(x, y) does not follow the law of contradiction &(x, —x)
= 0 and, besides, it sets the position a to the logical variable x as well as it sets the
position a to the logical variable y.

Definition 2. The representation [(x, @), (v, w)]& : P X P — B is the one that:

1, for o, w e I1and o= w=pf,ifx,y e Bandx=y=1;

0, for ¢, w € ITand o= =, ifx,y € B,
[(x, ), (v, W]&=

andx=y=0,orx=0andy=1,orxx=1 and
y=0;

*_in all other cases,

and it is called f-conjunction.
The truth values of f-conjunction for logical variables x, y and the variables of the
elementary positions ¢, y are presented in Table 2.

Table 2
The truth values of B-conjunction[(x, ¢), (y, v)|&
X
, ¢
a B
0 1 * 0 ! *
0 * * * * * *
a 1 * E * * * *
% * * * * * *
ﬁ 1 * * * 0 1 *
* * * * * * *

[S-conjunction [(x, ¢), (v, w)]& is recorded as (x, y)& in brief.

From the table above we see that for completely defined conditions (for ¢ = w =
S and the truth values 0 and 1 of the logical variables x and y) f-conjunction (x, y)&
has the same logical truth values as a classical conjunction [1].

However, f- conjunction (x, y)& does not follow the law of contradiction (x,
—x)& == 0 and, besides, it sets the elementary position f to the logical variable x as
well as it sets the elementary position S to the logical variable y.

Definition 3. The representation <(x, ¢), (v, w)> : P x P — B is the one that:
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1, for o, we Iland p=a, w=p,ifx,y e Bandx=y
0, for @, ye I[Mand p=a, y=pF,ifx,y € B
<, 9), v, W)> =
andx=y=0,orx=0andy=1,orx=1andy

*_in all other cases,

and it is called af-conjunction.
The truth values of af- conjunction for logical variables x, y and the variables of
the elementary positions ¢,  are presented in Table 3.

Table 3
The truth values of aff- conjunction <(x, ¢), (y, v)>
X ¢
Yy
a B
0 1 * 0 1 *
0 * % * * * *
a 1 * * * * * *
* * * * * * *
4 0 0 0 * * * *
B 1 0 1 * * * *
* * * * * * *

In brief, o5~ conjunction <(x, ¢), (v, y)> is recorded as <x, y>.

From the presented above definition it follows that for completely defined conditions
(for ¢ = a and w = B and the truth values 0 and 1 of the logical variables x and y) a/3-
conjunction <x, y> has the same logical truth values as a classical conjunction [1].

However, af- conjunction <x, y> does not follow the law of contradiction <x,
—x> == 0 and, besides, it sets the elementary position o to the logical variable x as
well as it sets the elementary position S to the logical variable y.

Definition 4. The representation A[(x, ¢), (y, w)] : P x P — B is the one that:

1, for o, ye [Tand o=, y=¢a,ifx,y e Bandx =y
=1;

{0,for o, we I[Mand p=F, y=q,ifx,y € B
AL, @), (v, W] =

andx=y=0,orx=0andy=1,orx=1andy

*_1in all other cases,

and it is called Sa-conjunction. The truth values of fa-conjunction for logical variables
x, y and the variables of the elementary positions ¢, y are presented in Table 4.
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Table 4
The truth values of fa-conjunction
X o
Yy
o p
0 1 * 0 1 *
a 1 ) . * 0 1 *
* * * * * * *
4 0 % * * * * *
ﬂ 1 % * % % * %
* % * * * * sk

po-conjunction A[(x, ¢), (v, )] is recorded as A(x, y) in brief. From the presented
above it follows that for completely defined conditions (for ¢ = f and v = a and the
truth values 0 and 1 of the logical variables x and y) fa-conjunction <x, y> has the
same logical truth values as a classical conjunction [1]. However, fa-conjunction
A(x, y) does not follow the law of contradiction A(x, —x) == 0 and, besides, it sets
the elementary position f to the logical variable x as well as it sets the elementary
position a to the logical variable y.

Definition 5. The representation V[(x, ¢), (v, w)] : P x P — B is the one that:

1, for ¢, w € [1and o= = ¢, ifx,y € B,

x=landy=0,orx=0andy=1,orx=y=1;
VI, ), v, W] =

0;

0, for ¢, we [Tand p=y=a, ifx,y e Bandx=y =

*_1in all other cases,

and it is called a-disjunction.
The truth values of a-disjunction for logical variables x, y and the variables of the
elementary positions ¢, y are presented in Table 5.

Table 5
The truth values of a-disjunction V[(x, ¢), (y, @)]
X ¢
y

o B

0 1 * 0 1 *

o 1 1 1 % * * %
* * & sk * * sk

4 0 % * * * * *

ﬁ 1 * * % * * %

* * * k * * *
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a-disjunction A[(x, ¢), (v, ¥)] is recorded as Vv(x, y) in brief.

From the presented above definition and the table, it follows that for completely
defined conditions (for ¢ = = o and the truth values 0 and 1 of the logical variables
x and y) a-disjunction v(x, y) has the same logical truth values as a classical
disjunction [1].

However, a-disjunction v(x, y) does not follow the law of excluded middle v(x,
—x) == 1 and, besides, it sets the position a to the logical variable x as well as it sets
the elementary position o to the logical variable y.

Definition 6. The representation [(x, @), (y, w)]v : P x P — B is the one that:

1, for @, w € ITand o= y=p,ifx,y € B,

x=landy=0,orx=0andy=1,orx=y=1;

[(x, @), O, W]V =
0, for o, y € ITand ¢p= = f,ifx,y e Bandx=y =0;

*_1in all other cases,

and it is called p-disjunction.
The truth values of f-disjunction for logical variables x, y and the variables of the
elementary positions ¢, y are presented in Table 6.

Table 6
The truth values of B-disjunction [(x, ¢), (Y, W)]V
X
¥ ¢
o p
0 1 * 0 1 *
0 % * * % * %
a 1 * * * * * *
% % * % % * %
v 0 * * * 0 1 *
B 1 * * * 1 1 *
% % * % % * %

[S-disjunction [(x, ¢), (v, )]V is recorded as (x, y)v in brief.

From the presented above, it follows that for completely defined conditions (for
¢ =y =/f and the truth values 0 and 1 of the logical variables x and y) f-disjunction
(x, ¥)v has the same logical truth values as a classical disjunction [1].

However, S-disjunction (x, y)v does not follow the law of excluded middle v(x,
—x) == 1 and, besides, it sets the position f to the logical variable x as well as it sets
the elementary position f to the logical variable y.

Definition 7. The representation /(x, @), (v, w)/ : P x P — B is the one that:
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1, for p, we I[1and p= ¢, = p,ifx,y € B,

x=landy=0,orx=0andy=1,orx=y=1;
1, @), 0, W)/ =

0, for o, we I[Mand p=a, w=p,ifx,y € Bandx =y

*_1n all other cases,

and it is called af-disjunction.
The truth values of af-disjunction for logical variables x, y and the variables of
the elementary positions ¢, y are presented in Table 7.

Table 7
The truth values of ap-disjunction /(x, ¢), (y, v)/
X
¥ ¢
o B
0 1 * 0 1 *
0 % * * % * *
a 1 * * * * * %
% % * % % * %
* % * * % * %

In brief, a5-disjunction /(x, @), (v, )/ is recorded as /x, y/.

From the presented above, it follows that for completely defined conditions (for
¢ = a and y = f and the truth values 0 and 1 of the logical variables x and y) af-
disjunction /x, y/ has the same logical truth values as a classical disjunction [1].

However, af-disjunction /x, y/ does not follow the law of excluded middle /x,
—x/ == 1 and, besides, it sets the position a to the logical variable x and it sets the
elementary position £ to the logical variable y.

Definition 8. The representation \(x, ), (v, @)\ : P x P — B is the one that:

1, for ¢, w e I[1and p=pf, w= a, ifx,y € B,

x=landy=0,orx=0andy=1,orx=y=1;
\x, ), (v, Y\ =

0, for @, we [Mand p=pf, w=q,ifx,y € Bandx =y

* 1in all other cases,

and it is called pa-disjunction.
The truth values of fa-disjunction for logical variables x, y and the variables of
the elementary positions ¢, y are presented in Table 8.
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Table 8
The truth values of Ba-disjunction \(x, ¢), (y, )\
X o
Y
o p
0 1 * 0 1 *
0 *® * * 0 1 *
o 1 * ® * 1 1 *
* % * * % * %
l// 0 * * k * * *
ﬂ 1 % * * % * %
* * * * * * *

Pa-disjunction \(x, 5), (v, @)\ is recorded as \x, y\ in brief.

From the presented above, it follows that for completely defined conditions (for
¢ = f and yw = a and the truth values 0 and 1 of the logical variables x and y) fo-
disjunction \x, )\ has the same logical truth values as a classical disjunction [1].

However, fo-disjunction \x, )\ does not follow the law of excluded middle \x,
—x\ == 1 and, besides, it sets the position f to the logical variable x and it sets the
elementary position a to the logical variable y.

Definition 9. The representation — is the one that:

-1 =0,
—0=1,
—% = %

b

—H(x, 9), (v, ) = @((x, ), 3, ¥)),

if#(x, 4), (v, W] = &[(x, @), (v, @)], then @[(x, @), (", )] = V[(*w, ), "y, Y],
if#(x, 4), 0, W] =[x, B), ¥, P&, then @[(~w, f), (7w, )] = [(x, B), w, )]V,
if#(x, 4), (v, Y)] = <(x, @), (v, f)>, then @[(x, &), (", B)] =[x, &), (0, B,
if#(x, 9), 0, Y] = Al(x, §), (v, @), then @[(~w, f), (T, )] =\(7, f), (T, @)\,
if#(x, 9), 0, W] = vIx, @), (v, @], then @[(x, @), (y, W)] = &[(7, &), (", @],
if#(x, 4), 0, W] =[x, B), B, PV, then @[(~x, f), (v, H] =[x, B), (v, P&,
if#(x, 4), (v, W] = /(x, @), (v, B)/, then @[(x, &), (. H] = <(7x, @), (7, f)>

and if #[(x, 9), (v, Y)] = \(x, ), (v, @)\, then @[(~, f), (7, @)] = <[(x, f), (", @],

and it is called positional inverting.

Definition 10. Formulas or orderings are:

i) a-, -, af-, Po-conjunctions and disjunctions,

ii) if F'is a formula, then — F is a formula.

Any expression F'is a formula if it can be shown using the items i) — ii) with a
finite number of times.
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Definition 11. The sequence of elementary positions of logical constants,
variables and formulas formed by a-, -, o5-, fa-conjunctions (disjunctions) is called
a position and constants, variables and formulas with positions are called positional.

For example, of-conjunction and a- conjunction are present in the formula <x, &(y,
z)>. In a-conjunction &(y, z) the logical variables y and z have the elementary position o
and a, i.e. we have pairs (), @) and (z, a). a-conjunction itself in af-conjunction has the
elementary position S, and the logical variable x has the elementary position a. Taking
into account the elementary position f in of-conjunction for positional variables (3, o)
and (z, a) leads to the positional variables ((y, @), ) and ((z, @), ). Thus, the positional
variables x, y and z have the positions a, af and af in the formula <x, &(y, z)>.

In formulas, as a rule, the positions with the positional variables are omitted to
simplify the formulas.

3. Properties of a-, -, af3-, fa-conjunctions and disjunctions

We will show that there is the equality &(x, 1)=xforj=y=a.

Table 9 presents the truth values of the formula &(x, 1) for the logical variable x
and two variables of the positions j and y.

Table 9
The truth values of the formula &(x, 1)
X J 1 y &(x, 1)
0 a 1 a 0
0 a 1 b *
0 b 1 a *
0 b 1 b *
1 a 1 a 1
1 a 1 b *
1 b 1 a *
1 b 1 b *
* a 1 a *
* a 1 b *
* b 1 a *
* b 1 b *

As it can be seen in the table, for j = y = a the truth values of the formula &(x,
1) are the same as for the logical variable x. Thus, we get &(x, 1)=xforj=y=a.

Similarly, we set the equalities (x, 1)& =x (for g =y =p), <x, 1>=x (forp =a
and y =p), <1, x> =x (for ¢ = a and y =p), A(x, 1) =x (for ¢ = and y = a), A(1, x) =
x (for ¢ =f and y = a) and V(x, 0) = x (for ¢ = w = a), (x, 0)V =x (for ¢ = v = a), /x,
0/ =x (for ¢ = o and w =p), /0, x/ = x (for ¢ = a and y =p), \x, O\ = x (for ¢ = and v
=a),\0, x\ =x (for ¢ =f and v = a).

We will show that for ¢ =y =a:

0,ifx=0o0orx=1;
&(x, 0)=

* ifx =%,
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Table 10 presents the truth values of the formula &(x, 0) received on the basis
of the definition of a-conjunction for the logical variable x, the constant 0 and two
variables of the positions j and y for which j =y =a.

Table 10
The truth values of the formula &(x, 0)
X j 0 y &(x, 0)
0 a 0 a 0
0 a 0 b *
0 b 0 a *
0 b 0 b *
1 a 0 a 0
1 a 0 b *
1 b 0 a *
1 b 0 b *
* a 0 a *
* a 0 b *
* b 0 a *
* b 0 b *

The formula &(x, 0) for ¢ = w = a gets the truth values 0 for the truth values 0
and 1 of the logical variable x. For x = * it has the value *.

The formulas (x, 0)& (for ¢ = w = b), <x, 0> (for ¢ = a and y = b), <0, x> (for ¢
=a and y = b), A(x, 0) (for ¢ = b and y = @) and A(0, x) (for ¢ = b and y = a) have
the similar truth values.

We will show that for ¢ =y =a:

l,ifx=0orx=1;
vix, 1)=
¥ ifx=7%*

On the basis of the definition of a-disjunction, we get Table 11 of the truth values.

Table 11
The truth values of the formula &(x, 0)
X j 1 y V(x, 1)
0 a 1 a 1
0 a 1 b *
0 b 1 a *
0 b 1 b *
1 a 1 a 1
1 a 1 b *
1 b 1 a *
1 b 1 b *
* a 1 a *
* a 1 b *
* b 1 a *
* b 1 b *
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As it is seen in the table, for ¢ = y = a the formula V(x, 1) for the truth values 0
and 1 of the logical variable x gets the truth value 1. For x = * its truth value is *.

Similarly, we get the truth values of the formulas V(1, x) (for ¢ = w = a), (x, 1)V
(for ¢ = w=0b), (1, x)V (for p = w=0b), /x, 1/ (for p = a and w = b), /1, x/ (for p = o
and y = b), \x, 1\ (for ¢ = b and w = a) and \1, x\ (for ¢ = b and v = a).

We will show that a-conjunction is commutative for ¢ =y = a.

From the definition of a-conjunction, the formulas &(x, y) and &(y, x), for ¢ = w
= a, have the truth value 1 only when x = 1 and y = 1. These formulas get the truth
value 0 only when x or  get the truth value 0. In all other cases, their truth value is *.
So, the formulas &(x, y) and &(y, x have the same truth values) for all possible truth
values of their variables. Thus, &(x, y) = &(y, x).

Similarly, the formulas (x, y)&, V(x, y) and (x, y)V are commutative.

We will show that a-conjunction is associative.

Associativity of a-conjunction means that &[&(x, »), z] = &[x, &(y, 2)].

As it is shown above, x = &(x, 1) and z = &(1, z). In the formula &[&(x, ), z] we
will replace the positional logical variable z (with the position a) with the formula
&(1, z). Similarly, in the formula &[x, &(y, z)] we will replace the positional variable
x (with the position a) with &(x, 1).

We will get this equality as a result of the performed changes:

&[&(x, ), &(1, 2)] = &[&(x, 1), &(y, 2)].

All its variables have the same position aa. As it follows from the definition
of a-conjunction, it gets the truth value 1 if and only if its two positional variables
simultaneously have the truth values 1. If x =y = z = 1, then obviously the left and
right sides of the equality will have the truth values 1. a-conjunction has the truth
value 0 if and only if one or both of its positional variables get the truth value 0. If
one assumes that one of the positional variables x, y and z, or any two or all at the
same time, have the truth values 0, then the left and right sides of the equality will
also have the truth value 0. In all other cases, the left and right sides of the equality
will have the value *. Thus, on the basis of the same truth values of both formulas,
with all possible combinations of the truth values of their variables, the associativity
of a-conjunction has been proved.

Similarly, for j =y = b, one can define the associativity of h-conjunction:

[(x, )&, z]& = [x, (v, 2)&] &,
As well as a- and b-disjunction:
VIV(x, ), 2] = vix, v(y, 2)],
[(x, )V, z]v =[x, (v, 2)V]V.
Table 12 presents that <x, y>= A(y, x) and /x, y/ = \y, x\.
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The truth values of the formulas <x, y>, A(y, X), /X, y/ and \y, x\

<x, y>

‘<

Ix, y/

\y, x\

*

A, X)

*

*

*| *%| *|—]| *|O

*

*

¥l k| %] k| %] X| %] X| *| %] *k| x|[=|[=|=[=|=m—_|= == === OO |O|O OO IO |IO|O | X

¥| %=~ ||| *| ®|[—|[— ||| *| *|—=|— ||| *| *¥|—|— ||| *| *|—|— ||| *| *|—|—|O|O|<
SR |SNR ([T R (SRS |T T[S TN [T [T SR TR T[T || ([T

F| K[ K| K| K[ K| X| K| K| K| K| K| K[ X| F| K[ K| X| XK k|| F|O| K| X| X[ K[ X| X| *| *¥| ¥|DO| ¥|O

SN|S|S|ST ST R QRN Q[T TS| (R TN T [T (TR NN [ [

R R k| X R k| %] K| X k| K| K| K| K| K| K[ k]| K| K| K|—=]| X|O| k| ¥| K[ K[ X]| x| ¥ ¥| ¥ || ¥|O

F| R k| K| %[ | %] K| % k| K| X | K| K| K[ | K| K| H[—=| K= %[ K| K[ K[ ¥]| X[ H|] ]| X|—=]| ¥|O

Table 12

a-conjunction is idempotent, which is shown in Table 13. b-conjunction, a- and

b-disjunction are also idempotent.

We will define that there is the equality v[&(x, ¥), <x, y>] = &(x, /y, y/). The
formulas v[&(x, y), <x, y>] and &(x, /y, y/) with clearly recorded positions of the
logical variables look the following way: v[&[(x, aa), (y, aa)], <(x, aa), (v, ba)>] and
&|[(x, a), /(y, aa), (y, ba)/]. From the formula &[(x, a), /(y, aa), (v, ba)/] replacing
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the positional logical variable x (with the position a) with &(x, 1), we get &[&][(x,
aa), (1, a)], /(y, aa), (v, ba)/]. Both in the formula v[&[(x, aa), (¥, aa)], <(x, aa), (y,
ba)>] and in the formula & {&[(x, aa), (1, a)], /(y, aa), (v, ba)/} the variable x has the
position aa, and the variable y has the positions aa and ba. These formulas have the
truth values 1 only when the variable x is true and the variable y in the position aa or
in the position ba or simultaneously in both positions gets the value 1. The formulas
get the truth value 0 only when x = 0 and y in the position aa or in the position ba
or simultaneously in both positions gets the value 0. In all other cases the formulas
v[&[(x, aa), (v, aa)], <(x, aa), (¥, ba)>] and &{&[(x, aa), (1, a)], /(y, aa), (v, ba)/}
get the value *. Thus, with all possible truth values of the positional variables of
these formulas, there is the equality v[&(x, y), <x, y>] = &(x, /y, y/).

Table 13
The truth values of the formula &(x, x)
X j y &(x, x)
0 a a 0
0 a b *
0 b a *
0 b b *
1 a a 1
1 a b *
1 b a *
1 b b *
sk a a *
* a b *
% b a *

Similarly, we can define that there are the equalities:
VI&(x, ), & (x, 2)] = &[x, (v, 2)],

[Ce, &, (x, 2)&]V =[x, (v, 2)V]&,
(<x, y>, <x, z>)v =<x, (¥, 2)Vv>,
V(<x, y>, <x, z>) = <x, v(y, 2)>,
(<x, 2>, <y, 22)v = <(x, Y)V, 2)>,
V(<x, 2>, <y, z>) = <v(x, ), z>.

We will define if there are the equalities O<x, y> = /Ox, Qy/ and O/x, y/ = <Ox,
y>. Table 14 presents the truth values of the formulas @<x, y>, /Ox, Qy/, O/x, y/
and <Qx, Qy>.
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Table 14

The truth values of the formulas O<x, y>, /Ox, Qy/, O/x, y/ and <0x, Qy>
X J y y <x, y> —~<x,y> | I,/ Ix, y/ —Ix,yl | <, >
0 1 2 3 4 5 6 7 8 9
0 a O a * * * * % %
0 a 0 b 0 1 1 0 1 1
0 a 1 a * * * * % %
0 a 1 b 0 1 1 1 0 0
0 a * a * * * * k *
0 a * b * * * * % %
0 b 0 a 3k L ¥ * k *
0 b 1 a * * * * % %
0 b * a * * * * k *
1 a O a * * * * % *
1 a 0 b 0 1 1 1 0 0
1 a 1 a * * * * % *
1 a 1 b 1 0 0 1 0 0
1 a * a * * * * k *
1 a * b * * * * % *
1 b 0 a * * * * % k
1 b 1 a * * * * % %
1 b * a * * * * k *
* a O a * * * * k k
* a 0 b * * * * k *
* a 1 a * * * * % *
* a 1 b * * * * k k
* a * a * * * * k *
* a * b * * * * % *
* b 0 a * * * *k k *
* b 1 a * * * * % k
% b 1 b % % * * * %
* b * a * * * * % *

The truth values in the columns 5 and 6, as well as in the columns 8 1 9 of Table 14
are identical with all possible truth values of the positional variables. Considering this,
we can state that there are the equalities Q<x, y> = /Qx, Qy/ and O/x, y/ = <Ox, Qy>.

The example of applying the introduced means for the algorithm description.
Figure 1 presents the well-known block diagram of the algorithm ([2] Fig. 3.2 (a)),
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which is formed by the operator vertices with the assignment s «— 0, multiplication
and assignment 7 < 2 X s, addition and assignment s «— s + 1 and the conditional

vertex with the relation ¢ > 10.

s<0

Fig. 1. Block diagram of the algorithm

In general, the assignment s «— 7 is binary, which attributes the value of the
variable 7 to the variable s. Its partial value is 0 in this example.
The assignment s «— r corresponds to the predicate Vr3s (s «— r) as the one that:

1,ifs=r;
Vrds(s<«r)=
0,ifs #r.

After performing the assignment s «— 0 the variable s will have the value 0. The
equality of the values s and 0 means that with this range of values (0 for s and the
constant 0) the assignment s «— 0 is the predicate 0 «— 0, which has the truth value
1. Thus, s < 0 with the range of values 0 for s and 0, which are acquired after
performing s < 0, the assignment 0 « 0 is simultaneously the predicate with the
truth value 1.

The expression ¢ «— 2 X s is formed by multiplying 2 by s and the assignment
of the result of multiplication to the variable ¢. The multiplication is binary and it
is performed over s and k, the partial value of which is 2 in this example. We will
record the multiplication as k % s.

The multiplication & x s with the assignment ¢« k x s of its result to the variable
t corresponds to the predicate of multiplication Vk Vs 3¢ (¢« k X s) as the one that:

1,ift=k-s;
VkVs3t(t<«k-s)=
0,ift#k-s.
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After performing the described by ¢« k x s actions with the given specific
range of values (s =0, k=2,¢1=2 x5 =0) 0 « 2 x 0 is actually the predicate of
multiplication which is true in this range of values.

The expression s <— s + 1 describes the binary addition and the assignment of
this result. Similarly to the multiplication, we get the addition s < s + g, which
corresponds to the predicate Vs, Vg ds (5.« s + g) as the one that:

Lifs=s+g;
Vs'Vgas(s<s+g)=
0,ifs=s+g,

for which the value s’ is saved in s after performing the assignment. For g = 1
we get s’ «— s+ 1. After the performed by s’ < s + 1 actions with the given specific
range of values (s'=1, s =0, 1) the assignment 1 < 0 + 1 is actually the predicate of
addition which is true with this range of values.

The relation ¢ > 10 is binary and it is true or false.

The block diagram of the algorithm presented in Figure 1 is described by af-
conjunction:

<4, B>,
in which4 =5 « 0,
B=<C, v[<—D, <E, B>>, D]>,

C=t—2xs5,D=(t>10)and E=5, «— s+ 1.

In the extended form, the first iteration of the algorithm, if we interpret it over
the specific range of values s «— 0, t < 2 x 5, 7> 10 and s, < s + 1 by predicates, is
described by the expression:

<(s «0), <(t — 2 x5), V[<(t>10), <( 5.« s+ 1), B>>, (> 10)]>>.

We will define its truth values. After performing the attribution of the value 0 to
s, the assignment 0 «— 0 is a true predicate. Considering this (on the basis that there
is the equality <1, x> = x for ab-conjunction), from the above formula we get:

<(t 2 x5), v[<(t>10), <(s, s+ 1), B>>, (t>10)]>

In the multiplication-predicate ¢ «<— 2 x s the value of the variable s is the value,
which is acquired in the assignment-predicate s «— 0 and it equals 0. After performing
the multiplication 2 x 0 the acquired value O is attributed to the variable ¢ ( = 0). With
the given range of values ¢ =0, 2 and s = 0 the multiplication-predicate ¢ <— 2 x s has the
truth value 1. Thus, taking this into consideration, from the last formula-ordering we get:

V[<=(t>10), <(s « s + 1), B>>, (t > 10)].

The relation ¢ > 10 for the given value ¢ = 0 gets the truth value 0. Thus, from the
formula V[<—(¢ > 10), <(s, «— s + 1), B>>, (t > 10)] we have:
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<(s,«—s+1), B>

We calculate the value s, = 1 with the help of the addition-predicate s, «— s + 1,
based on the value s = 0 and 1, which has been defined earlier. The truth value of
this addition-predicate equals 1. Therefore, from the last formula we get B, which
describes the transition to the second iteration.

The first and the second iterations are described by the formula:

<(s «—0), <(t 2 x9), V[<(t>10), <(s.«— s+ 1),

<(t 2 x5), V[<(t>10), <(s,«— s+ 1), B>>, (t > 10)]>>>, (t > 10)]>>.

On the second iteration it starts with the multiplication-predicate ¢ <— 2 x s with the
range of values s = 1 (acquired by the addition-predicate s, <— s + 1 on the first iteration),
2 and the calculated value ¢ = 2. With this range of values, the multiplication-predicate 2
«— 2 x 1 is true. The relation ¢ > 10 for the acquired ¢ = 2 has the truth value 0. Thus, from
the formula v[<—(¢ > 10), <(s, «— s + 1), B>>, (¢ > 10)] we get <—(¢> 10), <(s, «— s+ 1),
B>>=<(s, « s+ 1), B>. After calculating the addition-predicate (s, <— s + 1), which with
this range of values (s, =3, s =2 and 1) is true, the next iteration starts with B.

4. Conclusions

The introduced a- and f-conjunctions &[(x, a), (v, a)] and [(x, f), (v, f)]&
over x, y € {0, 1} have the same truth values as the classical conjunction x & .
They are idempotent, commutative and associative. But they do not follow the law
of contradiction (&[(x, ), (—x, a)] == 0 and [(x, f), ("x, f)]& == 0 for x = *).
a-conjunction sets the elementary position o and f-conjunction sets the elementary
position S to the logical variables x and y.

of- and fa-conjunctions <(x, @), (v, f)> and A[(x, B), (v, a)] overx, y € {0, 1} have
the same truth values as the classical conjunction x & y. But they are not idempotent,
commutative and associative. They do not follow the law of contradiction (<(x, a),
(—x, a)>==0and A[(x, ), (—x, f)] == 0 for x = *). aff-conjunction sets the elementary
positions a and £, and fa-conjunction sets the elementary positions S and a to the
logical variables x and y.

The introduced a- and f-disjunctions v[(x, &), (v, a)] and [(x, f), (v, B)]v over
x,y € {0, 1} have the same truth values as the classical disjunction x v y. They are
idempotent, commutative and associative. But they do not follow the law of excluded
middle (V[(x, @), (—x, )] == 1 and [(x, B), (—x, f)]v == 1 for x = *). a-disjunction
sets the elementary position a and S-disjunction sets the elementary position f to the
logical variables x and y.

of- and fa-disjunctions /(x, &), (v, f)/ and \(x, p), (v, @)\ over x, y € {0, 1} have
the same truth values as the classical disjunction x v y. But they are not idempotent,
commutative and associative. They do not follow the law of excluded middle (/(x, ),
(—x, a)/ == 1 and \(x, p), (—x, )\ == 1 for x = *). af-disjunction sets the elementary
positions a and S, and fa-disjunction sets the elementary positions S and a to the
logical variables x and y.
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The positional inverting a-, f-, of- and pa-conjunctions (disjunctions) is
performed exceptionally over their logical variables without any changes in their
positions.

Positions set a unique ordering of positional constants, variables and formulas in
the orderings formed by a-, -, af-, fa-conjunctions (disjunctions) and the positional
inverting.

Based on the properties of a-, -, af5-, fa-conjunctions (disjunctions) and the
positional inverting, identical transformations are performed over the formulas-
orderings.

The introduced a-, f-, aff- and fo-conjunctions (disjunctions) and the positional
inverting provide the calculation of the truth values of the formulas-orderings.

Due to the fact that for a specific range of values of variables and constants
the operators of vertices of algorithms are simultaneously the predicates, then the
algorithms must be described by a-, -, af-, fa-conjunctions (disjunctions) and the
positional inverting
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B cmammi nokazano wo noeciuni cmani i 3minHi He 8NOPIOKOBYIOMbCS One-
payisimu Kiacuuroi mamemamuyunoi noziku. Osnauenumu 6 pobomi o-, -, of-
Lo-xon tonkyisamu (0u3 roHKyiamu) i NO3UYIUHUM IHEEPMYBAHHAM JIO2IYHI KOHCMAH-
mu, 3MiHHI 1 npeduxamu enopsoxosyromscs. Hasedeno enacmueocmi a-, -, of-,
Po-xon tonxyii (0u3 tonkyiil) i nosuyitinoco ineepmysanns. Ilooano npuxiao 3a-
CMOCY8AHHS NOZUYILIHOL T102IKU OIS ONUCY ANICOPUMM).

Knrouosi cnosa: o-xown onkyis, B-kou 1oukyis, off-kou 1onxyis, fo-kon roHKyis,
0-0u3 ToHKYIs, [-0u3 toukyis, of-ous’oukyis, fo-ous 1onxyis, nosuyitine ineepny-
BAHHAL.
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